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The geometric properties of the di-meron solution to the SU (2) Yang-Mills equations are 
studied in detail. The essential geometric structure of this solution is that of a locally symmetric 
space endowed with a Riemannian structure which is conformally flat. The di-meron solution is 
representable by an integrable 3-distribution over Euclidean 4-space. The corresponding integral 
surfaces are obtained in analytic form.

I. Introduction

The relative success o f QCD in explaining the 
hadronic bound states is based mainly upon semi- 
classical methods or perturbative results. In view of 
the absence o f a rigorous proof for quark confine­
ment, the semi-classical methods have been used in 
order to get a preliminary qualitative understanding 
o f this fundamental hadronic phenomenon. Since 
this approximative approach is built upon certain 
classical field configurations, the interest in finding 
such classical solutions was considerable in the early 
phase of the evolution o f the non-abelian gauge 
theories. In the meantime, the relevant field con­
figurations such as instantons and merons, have 
been discovered and studied in great detail. The 
application o f those solutions to the physics o f  
hadrons has confirmed the original expectations 
even at the early stage [1] when it was recognized 
that the instanton gas is responsible for the complex  
structure o f the vacuum (e.g. ö-vacua). Further, the 
dissociation o f the instantons into merons (“half- 
instantons”) was described in terms o f a plasmalike 
phase confining the quarks.

Besides this physical background, the classical 
solution have been found to be interesting from the 
purely mathematical point o f view, too [2]. Especial­
ly the conformal properties o f instantons [3, 4] and 
merons [5] have been studied in some detail, which 
in turn led to a better understanding and handling 
of those field configurations in physics.

The present paper intends to demonstrate the 
importance o f the conformal properties o f the di- 
meron solution. In the course o f the investigations

Reprint requests to Dr. M. Sorg, II. Institut für Theore­
tische Physik der Universität Stuttgart, Pfaffenwaldring 
57/111, 7000 Stuttgart 80.

an intrinsic Riemannian structure o f the conformal­
ly flat type arises in a most natural way. This 
conformal structure is closely related to the extrinsic 
geometric properties o f the di-meron configuration. 
It turns out that this field is geometrically represent­
able by an integrable, 3-dimensional distribution Ä  
over Euclidean 4-space E4. In this way, the present 
considerations represent a further example for the 
relevance of geometric methods for obtaining and 
studying the solutions to non-linear field equations 
(cf. [6 - 10]).

In more detail, our results are as follows:
In Sect. II, the notion of a “trivializable” solution 

/i(.v) to the free Yang-Mills equations D ■ F(x) =  0 
is introduced. By the very definition o f trivializ- 
ability, a (gauge) tensor object B(x)  may be 
associated to any such a trivializable field con­
figuration A(x)  so that both objects coincide 
(A (x) =  B(x))  when a certain gauge is applied 
(“positive gauge”). The field strengths F(x)  turn 
out as a quadratic form of the ß-fields, which them­
selves have vanishing alternating derivatives 
D A B ( x )  =  0.

It is further shown that a trivializable field con­
figuration, given in the positive gauge, has always 
half the value of a pure gauge: ^  =  j X ~ ] dMX \  here 
X  is an element o f a four-dimensional, real repre­
sentation of the gauge group SU (2). Thus, the 
famous factor |  turns out as the kinematical charac­
teristic o f trivializability. The local isomorphism
SO (4) ~  SU (2) x SU (2) plays an important part for 
this mechanism. The latter fact also implies that any 
trivializable A may be represented geometrically by 
some 3-distribution Ä  over E4. If Ä  is integrable, the 
configuration A(x)  is even represented by a system 
o f 3-surfaces, and the tensor objects B(x)  acquire 
the meaning o f extrinsic curvature o f the integral 
surfaces.
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In Sect. III. the specific dependence o f the field 
strengths F upon the extrinsic curvature field B is 
used in order to transform the Yang-Mills equations 
into the corresponding condition of the 5-fields. 
The latter condition suggests, in a most natural way, 
the introduction o f a Riemannian structure over E4 
such that the extrinsic curvature B becomes con­
stant in the generally covariant sense (gauge plus 
coordinate covariance). The conformal structure 
now enters the considerations by the observation 
that the Yang-Mills equations are automatically 
satisfied by choosing a Riemannian metric G which 
is conformally flat. A (“generally relativistic”) 
G l(4 , IR) transformation casts the Riemannian 
connection r  into the S C  (4) valued version co. The 
supposition is proposed that the trivializable solu­
tion A (.x) constitutes the 011 (2) subgeometry of the 
Riemannian SO (4) structure, i.e. A =  co |su(2)-

In Sect. IV, we verify this supposition by looking 
for the most general (topologically non-trivial [11]) 
solution due to the conformally flat ansatz. It turns 
out that the conformal geometry is determined by a 
covariantly constant vector field p ( x ) (“charac­
teristic vector”) which fixes a further 3-distribu­
tion 2 . Both the projector (P) onto 2  as well as the 
Riemannian curvature tensor (R ) are composed 
quadratically by the extrinsic curvature fields B. 
Since the Yang-Mills fields F exhibit the same 
dependence upon the 5-fields, the 0 U (2 ) part of 
the Riemannian R is just given by the Yang-Mills 
fields F. This enables one to express the extrinsic 
curvature B in terms o f the characteristic vector p  
such that the pair o f fields B =  B(p ) and 4̂ =  co|sc(3) 
describes the most general trivializable solution of 
the conformal type. This solution turns out as the 
well-known di-meron configuration consisting essen­
tially o f two hedgehog fields, and the conformal 
factor is the (Euclidean) square length of the 
characteristic vector p.

In Sect. V, we turn to the geometric representa­
tion o f the conformal solutions. A closed first-order 
equation for the normal n(x)  to the distribution Ä  is 
obtained, and n(x)  is found explicitly by means of a 
quaternion formalism. The integral surfaces o f J  for 
the di-meron solution are obtained in analytic form. 
Thus, the melting of the single meron surfaces into 
the di-meron combination becomes visible in detail. 
The integral lines o f the characteristic vector p  are 
geodesic lines with respect to the conformally flat 
Riemannian connection r  and determine the

(Euclidean) parallel transport o f the normal n to A. 
These characteristic lines may be considered as 
foliations o f three-dimensional closed surfaces sus­
pending the merons. The meron “bag” o f Glimm  
and Jaffe [12] turns out as a special case contained 
in the more general set o f 3-surfaces built by the 
characteristic lines.

In Sect. VI. the paper is closed by demonstrating 
that the generic multiple meron solution (more than 
two merons on a straight line) is also of the trivializ­
able type. In comparison to the di-meron case, one 
is only forced to give up a certain condition of 
covariant constancy.

It seems unclear at present, whether the most 
general situation, where the merons are dislocated 
arbitrarily over E4 represents a trivializable con­
figuration of the conformal type, too.

II. Trivializable Configurations

In the following we are concerned exclusively 
with “trivializable” solutions Aifl of the free Yang- 
Mills equations

Dfx FiMV=  0 . (II. 1)

Here, the field strengths F are constructed by means 
of the gauge potentials A as usual

Fin v=  dn A,v ~  dv A iß +  Eijk AjfJ Akv. (112)

A 811(2) gauge field A is called trivializable, if  
these “potentials” Alß form the connection coeffi­
cients o f the S O (3 ) restriction o f some trivial 
0 0 ( 4 )  connectin <bM, symbolically: Aiß =  ft^ |so(3)- 

In this case, there exist [13] objects Biß transform­
ing tensorially with respect to a change o f gauge

B'ift =  Bjm SJj , (II.3)

whereas the gauge potentials Aifl behave like the 
corresponding connection fields

S i  -  i elt l ( S - ' ) k, e „ S j . (II-4)

The SO (3) element S =  {S)}  is the adjoint represen­
tation o f the corresponding SU (2) element denoted 
hereafter by X. As a consequence, the embedding 
0 0 ( 4 )  connection cbM may be written as

cb, =  A ifx L ‘ +  B lfjr ,  (II.5)

where the 0 0 ( 4 )  generators L' (z =  1, 2, 3) span the 
standard 0 0 ( 3 )  subalgebra [14] o f 0 0 ( 4 ) :

[L\  V ]  =  eijk L k. (II.6 )
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Further, the {/'} are the “boost operators” o f the 
four-dimensional rotation group SO (4):

[/', l j ] =  eijk L k, 

[/'', If) =  eiJk lk.

(11.7)

(11.8)

The trivializable gauge potentials as defined 
above exhibit some specific properties which shall 
be enumerated briefly.

First, the triviality o f the embedding connec­
tion implies that the curvature QMV o f d> vanishes:

Q mv =  dM d>v-  dv (bM -I- [co ,̂ (bv] =  0 (II.9)

Since the S O  (3) part o f Q must vanish separate­
ly, one is led immediately to the following special 
shape of the (trivializable) field strengths F (II.2 ):

Fiflv =  — Ejjk Bjfl Bkv. (11.10)

Further, the vanishing of the boost part yields

D , B iv= D vBlM. (11.11)

On account of the latter relations [15] the Bianchi 
identity

D M* F r =  0 (11. 12)

becomes immediately obvious.
Further properties o f trivializable potentials A iff 

arise from the fact that the vanishing o f curvature Q 
restricts co to a pure gauge:

&>M — A 1 • dMA,  A e S O (4).

Thus, any choice o f the SO (4) element A fixes the 
S U  (2) gauge for the potentials Aifl.

In the following, we shall need three special 
gauges. The first two gauges are obtained by 
observing that SO (4) is locally isomorphic to the 
product manifold SU (2) x SU (2). Let the corre­
sponding algebras S U ± (2 ) be spanned by the gener­
ators X', Y\  resp.,

X' =  j ( L '  + 1‘) e S U +(2), (a) 

y' =  y(L' -  /') e S i r  (2 ) , (b) (I1.14)

such that S C  (4) =  S I T  (2) © S I T  (2) and

[ X \ Y i ]  =  0 , (a) 

[X‘, X j ] =  eiJk X k, (b) 

[ Y ‘, YJ] =  eijk Y k. (c) (11.15)

The “positive gauge” (+A ifl) is now determined by 
choosing the SO (4) element A (11.13) to be con­

tained in the S U +(2) factor o f SO (4):

A ^  A = e x p [ - v ,  A"] e SU +(2). (11.16)

This choice yields for the trivial &>M (11.13)

(bß =  +ÄlßX \  (11.17)

where the (trivial) S i l ( 2 )  potential +Aifi is given by

+Aifl =  4 ( Y,)Q9 n^dMn° (+FifiV=  0). (II. 18)

Here, we have introduced the four-dimensional unit 
vector ne (hQ hQ=  - 1) in favor o f the SU (2) group 
parameters {v'} (cf. (11.16)):

nQ =  {cos v /2 ; v' sin v /2 } , 

v' V/= — v2(<  0 ), v' =  v'/v. (11.19)

Considering now the S O  (3) and boost parts o f  
(11.17) each separately, we readily find by means of 
the decompositions (11.14)

+ A. — +f) =  J. +A . (11.20)

So we see that in the positive gauge, the tensor 
objects Bjfi just agree with the gauge potentials Aifl 
and both take half the value o f a trivial potential 
(Aifl). This may be cast into a more concise form by 
defining the S U +(2) valued gauge potential 
according to

Sfß =  Ai(l x ‘ (11.21)

(II 13) an<̂  t îen sim Ply write the positive gauge as

+s/ß =  \ X - ' d ß X . (11.22)
This shape o f the gauge potential was used in the 

very beginning o f the meron research; the origin of 
the factor j  has now been traced back to the above 
trivializability property! Moreover, it is seen from
(11.2 2 ) that the general trivializable potential ^  in 
the positive gauge is always the S U +(2) restriction 
of a non-trivial S C  (4) connection which itself is 
half the value o f a pure SO (4) gauge, i.e.

+j/M =  i ( 4 - ' d MA ) |su+(2) (A g S O (4)). (11.23)

This follows readily from the fact that any SO (4) 
element A may be locally decomposed into its 
SU +(2) factors according to

(11.24)
A =  X  ■ Y =  Y ■ X, * e S U + (2),

Y e S U ~ (2 ).

The “negative gauge” (~Aiu) is the SU ~(2)  
analogue o f the positive gauge mentioned so far. In
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this case one replaces the SU +(2) element X  (11.16) 
by Y

Y =  exp[v, Y'] e  SU- (2) (11.25)

and then finds analogously to (11.2 2 )

~j/ß =  ~Aifl X i =  \ X d p X ~ \  (11.26)

Here, we find that the gauge potentials ~Aifl differ 
from the tensor objects ~Bi/t only in sign:

Ajft Bin T

-AIm =  4(X, )eo (b) (11.27)

Finally, let us turn to the third gauge which is 
relevant for the present considerations: The “neutral 
gauge” (nAifl). This gauge [16] is a kind o f mean 
value o f the first two gauges and is obtained by 
choosing the SO (4) element A (11.13) as

A - *  Z =  exp [ |  v, /'] =  (X-  Y ) - 1*. (11.28)

This yields for the gauge potentials

nA =  11 -  cos y j  Eijk vk Vj , (11.29)

and for the tensor objects:

nBiM =  vi y  +  tan  y  d m v/ • (IL3°)

The latter relation shows that v =  {v'} is an SO (3) 
gauge scalar field.

Clearly, these three gauges are linked by the 
appropriate SU (2) gauge transformations, i.e.

-s/  ̂=  X - +s / n - X ~ ] +  X  ■ dMX - \  (11.31)

whereas the neutral gauge =  nA ifi X'  is related to 
the positive gauge +s/M through

%  = X * ’ +jfl t 'X ~*  +  X * - d ltX - * .  (11.32)

The gauge equivalence o f the three potentials 
V î} may be expressed also in geometric 

terms. Indeed, the triviality of the © 0 (4 )  connec­
tion d>M (II.5) implies that there exists an ortho­
normal tetrad e =  {e ,̂ (e  ̂ • ev) =  g pv} moving over 
Euclidean four-space E4 such that

dß ek =  evd>\n- (11.33)

By virtue of this geometric interpretation of the 
embedding © C (4) connection cbM, the gauge poten­
tials A ifi and tensor objects Bifl are representable

now in terms o f the tetrad fields ep(x) as

4 im = T £ijk ei (a)

BiM =  n- dMet . (b) (11.34)

Here, we have identified e0 =  n.
Thus, the geometric meaning of the trivializable 

Aiß becomes manifest now: The gauge potentials Aiu 
describe the parallel transport o f an orthogonal 
triad e =  {eh i =  1, 2, 3} in a 3-dimensional distribu­
tion Ä  over E4 whose unit normal is just given by n 
(=  ô)- The tensor objects Bifl acquire the meaning 
o f extrinsic curvature fields for this distribution J. 
An SO (3) rotation o f the triad e ,

e ' i = S { e j ,  (11.35)

immediately leads to the transformation laws 
(11.3,4). Clearly, the generating SO (4) elements 
X , Y, Z  for the three different gauges, mentioned 
above, just differ by the corresponding SO (3) 
element 5  =  exp [v,- L ‘] e  SO (4):

Y = X S ,  (a)

Z  =  X - ' S - ~ * .  (b) (11.36)

If, additionally, the distribution Ä  is integrable, the 
trivializable solutions Aiu o f the Yang-Mills equa­
tions are representable by a system of 3-surfaces 
with unit normal n and tangent vectors e, (ft ■ e( =  0 ). 
We are returning to this point below when looking 
for the di-meron surfaces.

III. The Conformally Flat Geometry

On the basis o f the preceeding considerations we 
can now demonstrate how an intrinsic conformal 
structure arises very naturally as consequence of the 
trivializability property.

By virtue o f the special shape (11.10) of the field 
strengths F for a trivializable solution, the Yang- 
Mills equations (II. 1) read

V *  V  |0 „  B j . - g ^ D 1 BjX)} = 0. (III.1)

Therefore, we automatically obtain a solution to the 
Yang-Mills equations if we succeed to solve the 
following equation for the extrinsic curvature 
fields Bjv:

D, Bp - 9„v(Oj BjJ  =  Bji T \„ , (III 2)
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where TXvfJ =  g ka T°Vß is a totally symmetric tensor

Txvp -  TXtlv —

At this stage, TXvfi is still arbitrary but clearly one 
expects that some integrability condition o f (III.2 ) 
cuts TXvm down to a special form.

Contracting (III.2) yields for the covariant deriva­
tive o f the extrinsic curvature fields

Dm Bjv -  Bjx r  =  0 , (a)

(b) (IIL4) 
It is strongly suggestive now to interpret the r  xVfl as 
the connection coefficients of a Riemannian structure 
over E4. In this sense, the corresponding coordinate 
covariant derivative acting on some vector field is 
denoted henceforth as V̂ :

(in. 5)

The coordinate covariant derivative may be 
combined with the gauge covariant derivative Du o f 
some gauge scalar v (cf. (11.30))

D m vi =  dM vi + £i jk  AjM vk (III.6)

into a generally covariant derivative to be defined 
as follows:

Bjv =  Dm Bjv — Bjx r \ , ß 

=  V, Bjv+  Ejkl AkM Bh . (III.7)

The content o f (III.4) is then nothing else than the 
generally covariant constancy of the extrinsic 
curvature fields:

$ MBjv =  0 . (III.8)

Moreover, this condition o f generally covariant 
constancy immediately im plies the constancy o f the 
S U (2 ) field strengths F (11.10) in the same general 
sense

3>k Fißy=  0. (III.9)

Obviously, this is an even stronger condition upon 
the field strengths than the generally covariant 
Yang-Mills equations would demand [17]:

F r =  0 { F r  =  G va Fika) , (III. 10)

Here, the indices have been raised by means o f the 
Riemannian metric G/uv which we assume to underly 
the connection coefficients r  in the usual way

=  j G ' ° ( G aßiV+  G av ^  -  G Vft'0) . (III. 11)

So we see that a solution o f this type satisfies the 
Yang-Mills equations in both the gauge covariant 
(II. 1) and the generally covariant form (III. 10).

In the present paper, we do not deal with the 
most general case o f a Riemannian structure but 
restrict ourselves to the conformal type o f solutions.

This case is obtained if  we assume the Riemannian 
metric G to be conformally equivalent to the 
Euclidean metric g,

(III. 12)

wich gives

r \ M =  g \ q M +  g \ q * -  (a) ( in .i3 )

and
(b)

(III. 14)

Thus, the symmetry condition (III.3) is automatical­
ly satisfied for any conformal metric G (III. 12). 
Observe also that in the conformal case the general­
ly covariant Yang-Mills equations (III. 10) imply 
automatically the gauge covariant version (II. 1) 
independently o f the trivializable symmetric ansatz 
(III.2, 3).

There is an interesting problem now which may 
be settled strictly for the present conformal type o f  
solutions. It consists in the question how the SU (2) 
structure, based upon the trivializable solutions Aifl 
is linked to the (Riemannian) SO (4) structure, 
which is based upon the connection coefficients 
r  xVfl emerging in our special ansatz (III.2 -4).

Indeed, we shall prove in the following that the 
trivializable solutions A iM corresponding to the con­
formal ansatz (III. 13) just constitute the SU (2) sub­
geometry of the conformally flat G 1 (4, IR) structure 
based on the connection coefficients r.  This means 
concretely that the S U (2 )  restriction o f the 
S C  (4) valued gauge copy cô  o f the G 1 (4, IR) 
matrix =  {T kvß) just agrees with the trivializable 
so lu tio n s^  for the Yang-Mills equations

■̂ n = lsu(2) • (HI-15)
As a first step for this proof, we quite generally 

perform a transition from the coordinate basis {dM} 
used so far,

G(dfj, dv) =  GßV,

to some orthogonal tetraed {E }̂, 

G (£ a, Eß) =  g aß.

(III. 16)

(III. 17)
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Thus, the Riemannian analogue o f the parallel 
transport law over flat space (11.33) reads now for 
the coordinate basis [dM]

v „ 3 , =  3; r % .  (in . 18)

On the other hand, the use of the orthonormal 
tetrad {Ea} yields

If the change o f basis du -> Ea is specified by the 
transition coefficients E := {EMa},

=  E \  dM , (111.20)

the G l(4 ,  IR) matrix r M =  { r ' \ M} (III. 18) is trans­
formed into the S C  (4) element co^= {co^M} (III-19) 
according to

(olt =  E - x’ r / t ' E  +  E - l 'd tlE.  (111.2 1 )

In order to find from this general relation the © 0 (4 )  
connection due to our conformal ansatz (III. 13), we 
have to restrict the G 1 (4, IR) matrix E to the 
conformal subgroup:

E =  x~ 'A  (A e  SO (4)). (111.22)

Clearly, this leads to a conformal metric (III. 12) as a 
consequence of (III. 16, 17):

G,v = 9«ß(E-')% (E~ 'yv =  x 2 gMv■ (11123)

Further, the © 0 (4 )  representative coM (111.21) o f the 
Riemannian connection matrix r ß becomes in this 
conformal case (111.2 2 )

+  111.24)

where the U p  denote the standard © 0 (4 )  genera­
tors [14].

The © 0 (4 )  connection coß (111.24) may be sim pli­
fied by exploiting the arbitrariness o f the SO (4) 
element A , which may be always gauged into the 
identity (A -*■ 1). This yields

—  (111-25)

Now we remember our original aim which was to 
look for the © U (2) part (s/ )̂ o f cô  (111.21). Some 
simple calculations [18] yield for the appropriate 
decomposition o f (III.25)

coM =  xAiu X 1 +  >Aiu Y ‘ = s / M +  ?AiM Y‘,

xA itl =  2 { X d afiq a, (a)

>AiM= 2  ( Y l) aMq a. (b) (HI-26)

Thus, we have obtained the ©U (2) part s/M (III. 15) 
of the conformal Riemannian connection 7^; and if  
our original assertion were true, we must be able to 
identify these © U (2 ) potentials (xA ifJ) as a gauge 
copy of the extrinsic curvature fields Bifi emerging 
as solutions of (III.8 ). We are going to prove this 
now by explicitly constructing the most general 
conformal solutions ) to (III.8 ) and then
identifying them as the tensor objects associated to 
the conformal potentials xAifl (III.26a).

IV. The Conformal Solutions

The conformal ansatz (III. 13) suggests to look for 
the most general solution o f this type. We are con­
structing now this solution in four steps. Thereby, 
we shall recover some of its characteristic geometric 
properties which, in turn, shall becom e useful when 
dealing with its geometric representation in the next 
section.

1. Characteristic Lines

At the end o f Sect. II, we have already mentioned 
that any trivializable solution may be represented 
geometrically by some 3-distribution Ä. Such a J  is 
characterized uniquely by its unit normal h .  Further, 
any unit field n(x)  is determined by the three 
SU (2) parameters v'(.x) (11.19). Hence, n(x)  is 
parallel transported (with respect to the canonical 
connection obM (11.33)) along the intersections o f the 
three 3-surfaces v'(.x) =  const ( /=  1 ,2 ,3 ). These 
intersections constitute a system o f “characteristic 
lines” which we consider as the integral lines of  
some vector field p(x)  (“characteristic vector 
field”),

p fldtln =  0. (IV. 1)

Because of the specific dependence of the extrinsic 
curvature fields Biß (II.34b) upon the unit normal n 
we readily deduce from (IV. 1)

B ^  =  0. (IV.2)

This means that the three curvature fields Biß 
(/ =  1, 2, 3), which we assume to be linearly indepen­
dent, span the distribution (A , say) which has p  as 
its normal vector. In other words: there is an auto­
morphism [ß] o f A which is determined by the
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corresponding fields BMV(x), 

BßV := Blfl B ‘v , (a) 

B , vp v =  0 , (b) 

Va Z^v =  0 . (c) (IV.3)

The covariant constancy (IV.3c) follows readily 
from the corresponding property of the individual 
fields Bifl (III.8 ).

Since the (Euclidean) length o f the characteristic 
vector field p  is arbitrary, we normalize it to unity 
with respect to the Riemannian metric [17] G 
(III. 12):

p v p v =  G ^  p Mp v =  x 2P vP v = ~  I- (IV.4)

On the other hand, the generally covariant con­
stancy o f the extrinsic curvature fields (III.8) may 
be combined with the orthogonality relation (IV.2) 
to give (cf. (III.5))

K p m =  o , (IV.5)

1.e. the characteristic lines are geodesics with 
respect to the Riemannian connection r M (III. 13). 
Further, it follows from the covariant constancy of  
the characteristic vector p  (IV.5) that the coordinate 
covariant projector PßV,

PMV-.= G ^  +  PuPv,  (a)

P „ = P j P > , ,  (b) (IV.6 )

is also constant:

V; ^ v = 0 .  (IV.6 c)

2. Riemannian in Terms o f  Extrinsic Curvature

Next we consider the Riemannian R due to the 
connection coefficients T  (III. 13): /jy  ^

R Ä  — X r k  f k  , f k  f Q  _  p k  p g
vo n  o  v/* M v a  ' 1 qo  1 vn 1 gn  1 vo  •

We shall show that this Riemannian is essentially a 
quadratic form of the extrinsic curvature fields Bifl. 
Observe that the field strengths are also quadratic 
with respect to the Bifl. However, the similarities 
between R and F are even closer: We shall be able 
to show that the Riemannian R is covariantly 
constant just as is F (cf. (III.9)).

For this purpose, we remember the fact that the 
generally covariant Riemannian ^  emerges as the

resu lt o f  the  a lte rn a tin g  d o u b le  d e riv a tiv e

( 0 ) 0 ) — tf) g)  \  B =  — Ry - ^ o - ^ n  n o )  j v 'S* v o n ^ j y . (IV.8)

which, on account o f the constancy o f the Bifi (III.8), 
immediately leads to

B afl =  AOL*'' VOH (IV.9)

The Riemannian &?, emerging here, is due to the 
generally covariant d e r iv a tiv e ^  (III.7) which itself 
is a combination o f the gauge covariant derivative 
Dm (III.6) and its coordinate covariant counterpart 

(III.5). Therefore, the generally covariant Rie­
mannian @ is also a combination o f the two corre­
sponding parts, where the coordinate covariant part 
(R) is given by (IV.7) whereas the gauge covariant 
part may be traced back to the identity

(D „ D V- D „  D,)  Bjv =  £jkl Fkalt Bh . (IV.10)

However, the field strengths Fkafl, emerging here, 
are o f the special shape (11. 10) as consequence of  
the trivializability condition. Hence, collecting the 
gauge and coordinate covariant parts o f ^  yields 
then on account o f (IV.9) and (IV.2)

— P i H v (IV. 11)

At this stage, the tensor H V(TM is still undeter­
mined. It may be fixed by observing the covariant 
constancy o f the characteristic vector p  (IV.5)

(V, VM- V MVa) p v= - R P *  =  0 , (IV. 12) 

which immediately yields for the Riemannian R

n  a _  d py. __ d  pot
von D ovr  n n v ° (IV. 13)

This Riemannian is composed o f covariantly con­
stant objects Bmv (IV.3 c) and PMV (IV.6 c). Therefore 
it is the curvature tensor o f some locally symmetric 
space [19]:

V k R \ a M =  0. (IV. 14)

Clearly, this property strongly reminds us of the 
analogous feature o f the field strengths Fi/tv (III.9) 
and hence suggests the identification o f the Yang- 
Mills fields FifiV with the S U (2 )  constituents o f this 
Riemannian R. We shall follow this idea sub­
sequently, but first let us draw another conclusion 
from R (IV. 13) concerning the automorphism [5], 

Since the Riemannian R (IV. 13) is due to a con­
formally flat metric (III. 12), the Weyl conformal
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tensor derived from it must vanish. This condition 
forces B flv to be proportional to the projector P:

B , v = c ~ 2 P mv. (IV-15)

Further, the factor c must be a constant because 
both B and P  are covariantly constant. Hence, the 
final shape o f the Riemannian becomes

R \ a ,  =  c 2 {B a v B \ - B , v B \ } .  (IV. 16)

We are going to look now somewhat closer at the 
reductive properties o f such a Riemannian.

3. S U  (2 ) Subgeometry

The preceding results show that the Riemannian 
R (IV. 16) and the field strengths F (11.10) must be 
intimately related to each other because both are 
quadratic with respect to the curvature fields B ifl 
which temselves are covariantly constant. Therefore, 
the Yang-Mills field strengths Fiflv must necessarily 
be identical to the 6 U (2 )  constituents o f the 8 0 ( 4 )  
valued gauge copy Q  of R.

For a proof of this assertion, we apply once more 
the G 1 (4, R) transformation due to the change of 
basis (111.20) which yields for the curvature R

f l V = (£ ' ' ) ^ V £ V  (IV-17)

However, the restriction of the G 1 (4, R ) trans­
formation E to the conformal shape (111.2 2 ) together 
with the choice o f the SO (4) element A as the 
identity element makes R  identical to Q .  Hence, R  
may be directly decomposed into its S U ( 2 ) parts 
according to

R \ v =  xFiMV( X T ß  +  yFi , v( Y y ß , (IV. 18)

where [18]

(IV-19)

If the final form of the curvature R  as found above 
(IV. 16) is substituted here, the Yang-Mills fields are 
ultimately found as 2 0 )

xFiflv = 2 c~2{(Xj)MVp 2 +  (Xi)Xvp xp ß -  ( X i ) ^ p '  p v} .

The original assertion says now that the fields XF 
(IV.20) are just o f the trivializable kind (11.10). In 
other words, there must exist some SO (3) tensor 
fields xB ifJ (II.3) such that (i) the field strengths 
(IV.20) are composed by them according to

(iv.21)

and (ii) the automorphism [£] (IV.3) can be ex­
pressed by xBi/1 with regard of (IV. 15) as

(IV.22)

Indeed, the (unique) solution of the problem  
(IV.21, 22) for xB ifl in terms o f p  is easily found as

xBift =  2 c~] (Xj)Vflp v. (IV.23)

Thus, the conformal solutions o f the Yang-Mills 
equations really turn out as the S i l ( 2 ) part o f a 
certain Riemannian conformal structure over E4. 
The goal here is that we have found, by the way, the 
tensor object xB ifX (IV.23) which is associated to the 
(trivializable) potential xAifJ (111.26a). With this pair 
o f fields {xAilt, xB ifi} at hand, it is now an easy 
matter to determine the most general solution o f the 
conformal type.

4. Di-Meron Solution

As was already pointed out in Sect. II, the neces­
sary (and sufficient) conditions upon the pair of 
fields {xAi/t, xBi/t} for representing a trivializable 
solution to the free Yang-Mills equations are (i) the 
special shape (11.10) of the field strenghts Fifiv and
(ii) the symmetry relation (11. 11) o f the covariant 
derivative of the tensor objects Biß.

Therefore, we introduce the potential xA ift 
(III.26a) and the tensor objects xB iM (IV.23) into 
(11. 10) and (11. 11) and then obtain, by use o f some 
auxiliary relations such as

- 2 e J k(X,),f (Xk) „

—  ( X i ) v o  9 q h  ( X i ) g v  9  [ i t ?  ~  { ^ i ) n a  9  Q V ~  i ^ U Q n

a pair of coupled non-linear, first-order equations 
for the vector fields q(x),  p(x) .  These equations 
may be decoupled by putting

" =  T ( c - ' p  +  q),  (a)

=  (b) (IV.24)

where each of the new vector fields a(.v), v(x)  
satisfies the same equation, namely

dß wv= 2 w vwfl-  g ; ( w x wx).  (IV.25)

By contracting this equation with wM, one is easily 
convinced that the integral curves of the solution 
h ’ (.t ) are straight lines (with respect to the canonical 
connection d> over E4) and hence the only topolog-
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ically non-trivial solution is a hedgehog field 
x — a

w{x) = (IV. 26)

Since the center (a) o f  the hedge hog field w is 
arbitrary due to the translational invariance of 
(IV.25), we can have two different centres for the 
field u(x)  and v(x)  such that the original fields

x — a x — b
<I = 77 7 1  + x - b  | 2

x  — b 
x - b  2

(a)

(b)

(IV.27)

represent the most general, trivializable solution to 
the present problem. In other words: The potentials 
xA ifi, supplied by the vector field ^(.v) (IV.27 a), 
represent the most general, trivializable solution to 
the free Yang-Mills equations o f the conformal type. 
The associate tensor objects xB ifi are then given by 
(IV.23) in connection with the vector field p (x )  
(IV.27b). The latter vector field is covariantly con­
stant (cf. (IV.5)) with respect to the conformally flat 
connection r  (III. 13) and plays an important part 
for the geometric representation o f the present 
solution. Finally, one directly checks that the con­
formal factor y 2 really agrees with the square (p2) of 
the characteristic vector p  as required by the 
normalization condition (IV.4). To this end, one 
first contracts the (ordinary) derivative o f p

Pv =  q MP v +  g vp M -  g „ v( p x q d  

with p v and finds

qv >

(IV.28)

(IV.29)

which compares to (III. 13 b). Next, one verifies for 
qAIV.27 a)

qv=dv\nx,

X =-
x — a • x — b

(a)

(b) (IV.30)

On the other hand, the Euclidean length of p  
(IV.27 b) is

a — b
p  =  c

x — a • x — b
(IV.31)

Hence,we really can have /  =  p  if  we choose

c = \ a - b \ .  (IV. 32)

V. Geometrical Representation

The general conformal solution obtained above 
exhibits some nice geometric properties which we 
want to mention briefly.

1. Projective Properties

First, remember that the automorphism [5] has 
turned out as the identity P (IV. 15) in A. On the 
other hand, the general shape o f the (gauge in­
dependent) fields Bmv (IV.3a) may be found by use 
o f the extrinsic curvature fields Biß in the positive 
gauge (11.20). Hence, they read in terms o f the unit 
normal n (11.19)

B ^ v =  (dMn*) ( M a )  •
Therefore, the right hand side of (V. 1) is propor­
tional to the (Euclidean) projector PßV := x~2 PMV

( ^ « a) ( ^ v«a) =
* (V.2)

Using the projector property P ■ P =  P, the alter­
native combination o f the derivatives o f  n is iden­
tical to the projector {P) onto the distribution J  
introduced at the end o f Sect. II:

P*ßPP y = P % ,  

P \ h ß = 0 .

(b)

(c) (V.3)

In order to obtain from here the final equation for 
the normal field n (x), one has to eliminate the 
conformal factor p 2 by contraction of indices a, ß

(V.4)(dvn')(dvny) =  - ( n 7  0 n y) =  3 —

One then ultimately finds

(<?„ n’) (&■ nf ) + j ( / i ' D  ft,) (g + f t ' A , )  =  0 . (V.5)

This equation, supplied by the appropriate 
boundary conditions upon the normal h to Ä, unique­
ly determines that distribution Ä. Although (V.5) is 
merely a first-order equation, we shall prefer to 
compute the unit normal n in a somewhat simpler 
way by use o f a quaternion representation. We 
return to the first-order problem (V.5) when discuss­
ing the multi-meron case in the next section.
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We have mentioned in Sect. II that there exists a 
gauge +A ifl (“positive gauge”) for which the 
trivializable solutions are immediately expressed in 
terms o f the unit normal n through (11.18,20). A 
remarkable property o f the positive gauge consists 
in the fact that it is half the value of a trivial 
connection (cf. (11.22)). We combine now these two 
features o f the positive gauge by rewriting the 
generating SU +(2) element X  (11.16) in terms of the 
unit normal n by using the real, four-dimensional 
quaternion representation for the groups S U ± (2). 
Introducing the quaternion basis for SU +(2) by Z M,

2. Q uaternion Form alism

I "M \ =  /  ” 0. Z'ix — 1 1 • 9  Y ‘\I -  / — I -  ■> -  J — X I, h (V.6 )

and, analogously, the anti-quaternion basis for 
S U “ (2) by H ß,

{H*I =  { H ° \ H ‘} =  {1; 2 r '} , (V.7)

we find the quaternion composition relations, such
as

~v.  ~*=  etc. (V.8)

The quaternions are related to the anti-quaternions 
through “space inversion” I :

Z" =  Z* ~ =  L  • //"  • 2T, (a)

=  diag [1, — 1 , - 1 , - 1 ] .  (b) (V.9)

Further, we introduce the conjugate basis through

{ i7*} =  {1; —2 X ‘}, (a)

{//"} =  {1; — 2 Y 1}, (b) (V.10)

and then find commutation relations o f the follow­
ing kind:

Ztt - ~ v+ r ~ l, =  - 2 g ' t v- \ ,  (a) 

y  . z*  _  J-v E n =  8 ( YjY  v X j, (b)

p . j v _ r v ^  =  8  V X j ( c )  (Y . ! J )

With the aid o f this quaternion formalism it 
becomes a simple matter to compute the normal 
n(x)  for the previous di-meron solution. One simply 
writes the generating SU +(2) element X  (11.16) in 
quaternion form as

(V.12)X = - n tl E».

Once the generating matrix X  is known by putting 
the trivializable solution into the positive gauge

(11.22), the unit normal n is readily deduced from X  
through

n» =  \  W & - X ) .  (V. 13)

3. Di-Meron Surfaces

Applying this procedure to the present di-meron  
solution, one starts with the “.x-gauge” for A,u 
(111.26a) and Bifl (IV.23):

x*// -  t  (Xa 1 dp %a +  Xb ' dp X b) , (a)

xBiß X' =  =  {  ( X -  ] dMX a -  X 1 d„ X b) . (b) 

The matrices X a, X b are given by

(V. 14)

X  = -  Xß aß ~ u —

X V  =  -

x — a

x„ -  b„ +
(V.15)

(b)

These matrices describe single meron solutions 
centered around x = a  and x  =  b, resp., where X ~ x 
generates the corresponding anti-meron configura­
tion. The unit normal n for the di-meron solution is 
found now by passing over to the positive gauge, 
which is accomplished by applying the gauge trans­
formation X b l to (V.14). This readily yields the 
positive gauge (11.2 0 ) as desired and the generating 
matrix becomes X a b = X a - X b ]. Thus, using the 
quaternion decom position rules such as (V.8), the 
normal n (V.13) is readily found as

x u — au x v — bv
« ,  =  - ( ~ v r - * -------

x —a I x — b

=  - ( ~ ;. r v v (V. 16)

If one of the two singular points is removed to 
infinity ( b oo, say), we are left with a single 
meron configuration [20]: X a b - ^ C - X a, whose 
normal n+ is

n+ =  u =  X ~ °  . (V. 17)
x — a

Hence the integral surfaces o f Ä  becom e 3-spheres 
centered around a (Fig. 1 a):

guvi*1* ~  ati) (-Y' ~ d v) =  const. (V.18)

Conversely, removing the meron at a to infinity 
( a -> o o), we are left with an anti-meron configura-
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Fig. 1.

iStion at b : X a b - * C - X h \  whose normal 
obtained through space inflection o f the hedgehog 
field C'\

(V.19)

Here, the space inflection E  is due to the transition 
to the conjugate basis (V. 10), which is necessary in 
order to reproduce the standard form (V.12) for X. 
Therefore the anti-meron configuration is formed 
by a set of 3-hyperbolas centered around b

lines). The di-meron surfaces are asymptotically flat. The 
dotted lines represent the meron bags consisting of the 
characteristic lines.

(Fig. lb ):

^v(-V " bß) ( x v — bv) =  const. (V.20)

Observe that the meron and anti-meron cases 
(V.18, 20) are related to each other by simply inter­
changing the Euclidean and Minkowski metric 
tensors g +-*■ E. Clearly, the use o f E  (V.9b) singles 
out the “time” direction as the SO (3) symmetry 
axis.

The SO (3) symmetry around the straight line 
connecting the two meron centres at a and b, resp., 
may now be exploited by looking for the analytic 
form of the di-meron surfaces. The di-meron normal 
n (V.16) is composed in a simple way by the corre­
sponding single-meron normals ü and C\ Consequent­
ly, the di-meron surfaces are obtained after some 
elementary, differential geometric computations as 
(see Fig. 2)

(V.21) 
(g* -  If)  x~

gMV(xM -  aM) (x v — a v) =  const • exp
a — b 2

The present geometric picture admits also a 
concrete interpretation o f those “meron bags” intro­
duced by Glimm and Jaffe [12], According to their 
definition, these bags are revealed in our geometric 
model as those 3-surfaces which have a vanishing
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“tim e” component o f the normal n: n°(x) =  cos v/2  
=  0 (see Fig. 2). Thus, the meron bags turn out as 
special cases of a more general set o f 3-surfaces, 
which are built by the characteristic lines. Remem­
ber the fact that the unit normal n is parallel trans­
ported along any characteristic line and hence the 
(/?°(.v) =  0 )-bag is a special case within the larger set 
o f bags given by rc°(.x) =  const. For the di-meron 
solution, the bags determined by /7°(.y) =  const are 
all those 3-spheres containing the two meron centers 
(Figure 2). Moreover, in the special case o f the di- 
meron solution, the characteristic lines have been 
turned out as geodesics o f the conformally flat 
metric GßV. This, however, leads to a very peculiar 
situation: The di-meron bag emerges now as a 
closed surface built by characteristic lines along 
which both the unit normal n and the characteristic 
vector p  are parallel transported! (The parallel 
transport o f n refers to the canonical connection 
over E4, whereas the parallel transport o f p  is 
referred to the conformally flat connection r . )  It 
would be intersting to see whether this property 
survives the generalization to a generic multi-meron 
solution containing more than two merons.

VI. Multi-Meron Solutions

Despite the fact that the main interest o f the 
present paper was concentrated on the di-meron 
solutions, we want to briefly look also at the 
multiple-meron configurations. Here, we restrict 
ourselves to the case where the centers o f all the 
merons are placed along a straight line (x°-axis, 
say). It is well-known that the expected solutions 
really do exist [21]. Although the analytic form of 
these general solutions could not be discovered 
within the present geometric framework, it is very 
instructive to see how the previous di-meron solu­
tion emerges as a special case o f the more general 
multiple meron configuration.

O f course, the relevant geometric objects such as 
extrinsic curvature 5 , Riemannian R and character­
istic vector p  can no longer be covariantly constant 
here with respect to the conformally flat connec­
tion r .  Observe that we have shown above that the 
di-meron solution is the only one compatible with 
the (conformally) covariant constancy condition. 
However, we shall readily show that it suffices to 
give up this constancy condition (cf. (III.8)) whereas

the more important properties of trivializability and 
of conformal flatness o f  the Riemannian structure 
persist in the generic multiple meron situation.

In case of the SO (3) symmetric arrangement o f  
merons, we again try our trivializable ansatz and 
observe that the angle v (11.19) depends here solely 
upon the “spatial” distance r (=  y -  g ijx i xJ)  and 
“time” t (=  x°): v =  v(t, r). Further, the SO (3) gauge 
scalarfield v'(.x) coincides with the “space-like” unit 
position vector x ‘: v‘(x) =  x ‘ (x 'x , =  - 1). The 
external SO (3) symmetry, inherent in such a con­
figuration, is expressed geometrically by the fact 
that the “space-like” 2 -distribution Ä for which the 
gauge scalar v'(x) represents the unit normal, is 
umbilical [22 ] with respect to v':

v
cos —

2
D„ v' = ----------P ‘ (VI. 1)

Here, P denotes the projector onto Ä :

PMv =  g j  Qvj Pij ,  (a)

Pij =  gtj +  V, Vj. (b) (VI. 2)

By virtue o f the simple result (VI. 1) for the 
covariant derivative o f v' the extrinsic curvature Bifi 
(11.30) is essentially determined by the angle v(t, r). 
Hence, its generally covariant derivative may be 
computed and is found after some lengthy calcula­
tions as

& a Bi,  =  Da Bill- B ikr ' , a

V/ ,

where

M , a t ^ t A x  h

(VI.3)

tan x

+ (fM K  + 4  ru) (x' +  — -  2
r tan x

+  r„ r„ x "  +  —
r tan x

+ cot x Pn (VI. 4)

_  v dx dx
Here, we have used x =  — , x : = ——, x ' : = —~.

2 d t  dr
The unit vectors with respect to “tim e” t and radial
distance r have been denoted by tM and rM, resp.
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(/> = rM rM =  - 1, tß rM =  0). The important point of  
the result (VI.3) consists in the fact that the connec­
tion coefficients F'Ma emerging there, are still due to 
a conformally flat metric G where the conformal 
factor X turns out as (cf. (III. 11, 12))

X=
sm x

(VI.5)

In order to satisfy now the Yang-Mills equations 
(III. 1), we form the combination o f extrinsic cur­
vature derivatives needed there and find by use of 
(VI.3)

Dm Bjv -  gMV(D' Bjx) =  Bj,  T\„  +  v, N v„  (VI.6 )

where
N vm= M vll- g vliM \ .  (VI-7)

However, as discussed below (III. 1), the first term 
containing the totally symmetric tensor T satisfies 
the field equations automatically and we are left 
with the second term proportional to vj. Therefore, 
the extrinsic curvature Bkß in front o f the bracket 
term of the field equations (III. 1) may be replaced 
by its covariant derivative part (D M vk), and the field 
equations finally read

Fi/lv =  -  tan x e p  vk) N Vft =  0.  (VI.8)

Because o f the umbilicality property (VI. 1) we have

P * D x vk =  D"vk , (VI.9)

which means that only the projection N VM o f the 
tensor N vA onto A becomes active in the field 
equations (VI.8 ). Hence, it must vanish:

0 =  N Vft:= P ° N aeP % .  (VI. 10)

After a short computation, one finds by use of 
(VL4)

- I  x 2 +  x'2 s in x c o s x \
N v̂  =  P vA x +  x" + ------------------------ 2------  , (VI. 11)

\ tan x r J

and thus the Yang-Mills equations for our trivializ­
able ansatz reduce to

x2+ x ' 2 sin x cos x „
x +  x" + ------------------------ t------=  0 . (VI. 12)

tan x r z

Finally, putting here y/ := cos x, the Yang-Mills 
equations (IV. 12) assume the shape

i// +  if/" r~2 y/(\ — i//2) =  0, (VI. 13)

which just agrees with the multiple meron equation 
o f Glimm and Jaffe [12]. So we see that the SO (3)

symmetric multiple meron solutions really exhibit 
the property o f trivializability. At present, it seems 
unclear to us whether this feature survives the 
generalization to a situation where the merons are 
dislocated arbitrarily over E4.

Now we return to the special case o f the di-meron 
solution, for which the covariant constancy condi­
tion (III.8 ) demands that the tensor M  vanishes in 
(VI.3). Since this tensor is composed o f four linearly 
independent parts (VI.4), the di-meron solution  
must satisfy the following four non-linear partial 
differential equations:

=  0 , (a)x --------1------------
r tan x

x X 2 -  x 2
x " -------1------------- =  0 , (b)

r tan x

x x
-V —  — 2

r tan x

sm “ x

=  0 , (c)

(d) (VI. 14)

It is easily seen how this set o f four equations leads 
to the single field equation (VI. 12): Adding together 
the first two equations (VI. 14a, b) yields the
2-dimensional Laplace equation

x +  x” =  0 , (VI. 15)

and if  this is multiplied by tan x and subtracted 
from the last equation (VI.14d) we just recover the 
field equation (VI. 12). So we see that the di-meron 
solution is a highly special case which even satisfies 
the linear Laplace equation despite the fact that the 
Yang-Mills equations are intrinsically non-linear. 
Observe also that the last equation (d) of the set 
(VI. 14) is o f first order and hence compares to the 
first order equation (V.5) which holds only for the 
di-meron solution. Indeed, if  the Euclidean equation 
(V.5), is written down for the present SO (3) sym­
metric case in terms of the angle x(t,  r) it becomes 
identical to (VI. 14 d).

Finally, let us write down the solution to the 
system of equations (VI. 14) in terms o f the angle x:

i(t, /•) = x +(t ,r)  +  x (/,/*),
r

x± (r, r) =  ±  tan' 

t+ =  t +  a, 

t ~ = t  -  a.

t ± -

(VI. 16)
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C learly , th is  is the  su p e rp o sitio n  o f  tw o m erons 
located  on the  tim e  axis a t t =  ±  a  (see F ig u re  2). 
U n fo rtu n a te ly  the  g eneric  m u ltip le  m eron  so lu tion

(m ore  th an  tw o m ero n s) is n o t such  a  sim ple su p e r­
p osition  o f  the  in d iv id u a l m ero n  ang les x  (con trary  
to w hat has been  m a in ta in e d  in li te ra tu re  [5 c]).
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